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Abstract
As an effective and provable primal method to estimate posterior distribution, Particle Mirror
Descent is appealing for its simplicity and flexibility. In this thesis we explore the applications of
Particle Mirror Descent in both supervised and unsupervised learning.
In the general classification problem with a parametric discriminative function, we seek a posterior
distribution over parameters that maximizes classification accuracy. Existing algorithms usually
solve the dual problem and the number of variables to optimize depends on the number of examples
in the dataset. Therefore such methods suffer from the poor scalability in large datasets. We
propose Constrained Particle Mirror Descent to effectively estimate posterior distribution in primal
space even with expectation constraint.
By marrying Bayesian probabilistic inference and deep neural networks, deep generative networks
have shown remarkable success in various kinds of generative tasks. However, such models usually
make an assumption that posterior distribution can be simply characterized as a Gaussian distri-
bution, which is not always true since real data like images and audios yield complex structures in
latent space. Motivated by the recent wide application of multi-modal posterior, we introduce a
variant of Variational Auto-encoder model that uses a mixture of customized kernels as posterior
distribution in latent space. Our deep generative model produces visually plausible images as well
as good clustering performance using latent representations.
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Chapter 1
Introduction
1.1 Background
Given data examples X = {x1, x2, · · · , xN}, the posterior distribution of unknown parameter
p(θ|X) is intractable. Computing exact inference is time-consuming and sometimes unnecessary.
Two kinds of methods are developed to solve posterior distribution approximately.
Sampling based approximate inference algorithms such as Markov Chain Monte Carlo (MCMC) [3],
and all manners of its variants [9, 18] can generate samples for which the distribution converges to
true posterior, yet require very high computational cost. To generate a single sample, it requires
evaluating likelihood at each example and a complete scan over the dataset, which may result in
undesirable delay in the whole training process.
Variational inference algorithms [13] formulate probabilistic inference as optimization problems.
We usually have to restrict the optimization over some manageable classes of distributions to
solve it analytically. For example, mean field variational approximation inference [25] assumes
the posterior can be fully factorized as a multiplication of distributions from some prior families.
Variational inference algorithms are more favorably used since they can approximate the posterior
density at a relatively low computational cost, and provide comparable accuracy in real applications.
Nonetheless, typically true posterior is not in the variational family. In consequence, we don’t have
a theoretical guarantee for such algorithms. It is considerably difficult to quantitatively evaluate
and control the introduced error.
Recently developed Particle Mirror Descent (PMD) [7] is a primal method that uses kernels to
estimate a density and performs stochastic functional gradient descent [8, 15] iteratively to converge
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to the true posterior. It’s proved that PMD converges at a rate of O(1/
√
m), where m is the number
of kernels / particles used in each iteration. The algorithm obtains competitive performance in a
diverse collection of large-scale inference tasks, including Latent Dirichlet Allocation (LDA).
We extend Particle Mirror Descent to two problems: one is classification problem with expectation
constraint, the other is deep generative networks. In this chapter we will briefly introduce the
background and latest development in these areas.
1.1.1 Maximum Entropy Discrimination
Maximum Entropy Discrimination (MED) algorithm [12] was proposed to solve a minimum relative
entropy (MRE) problem stated as follows.
Given a set of training examples X = {(x1, y1), · · · , (xN , yN )}, a parametric discriminant function
L(X|θ), and ξ = [ξ1, · · · , ξN ] as margin variables, assuming a prior distribution p0(θ), the discrim-
inative minimum relative entropy (MRE) distribution p(θ) can be found by minimizing
min
p∈P
KL(p||p0) =
∫
p(θ) log
p(θ)
p0(θ)
dθ
s.t.
∫
p(θ)[ytL(xt, θ)− ξt]dθ ≥ 0,∀t.
where P is the admissible distribution set. The decision rule for any new example x is
yˆ =
∫
p(θ)[L(x|θ)]dθ.
To generalize, MRE is an optimization problem with expectation constraint. We use KL divergence
from p(θ) to a prior distribution p0(θ) as objective function, under the assumption that we usually
have some prior knowledge about the desired shape of target distribution. In the context of this
thesis, we choose normal distribution as prior for the benefits of having closed-form gradients and
integrations.
MED algorithm solves the dual problem of the minimization problem above and obtains a closed
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form [12] as follows:
p(θ) =
1
Z(λ)
p0(θ)e
∑
t λt[ytL(xt|θ)−ξt],
where λ = {λ1, λ2, . . . , λN} defines a set of non-negative Lagrange multipliers and Z(λ) is the
normalization constant. λ in the solution are set by finding the unique maximum of the jointly
concave objective function
J(λ) = − logZ(λ), (1.1)
Z(λ) =
∫
p0(θ)e
∑
t λt[ytL(xt;θ)−ξt]dθ.
1.1.2 Generative Models
Generative probabilistic models are random sources that can generate samples according to certain
probability distribution P (X) over a set of data points X. It has a lot of applications in applied
machine learning, especially in image and audio generation. Using a generative approach, we are
able to simulate the process of how the data points are generated in order as if they were generated
naturally. The crux of generative models are to project the high dimensional space X to a low
dimensional latent space first, and then produce new data points from the latent distribution. This
is natural to all generative processes. Suppose you are required to write down a digit on the paper,
the first decision your brain makes is to decide which character to write. And some other minor
questions may be asked before you start, for example the style of calligraphy you want to use, the
position of the digit on the paper and so on.
Generative models use likelihood as objective. It’s straightforward that a generative model should
have high probability to produce data points in the dataset while low probability to produce noises.
To achieve this goal, generative models sometimes make strong assumptions about the data struc-
ture and approximations to deal with the intractability of posterior. Latent Dirichlet Allocation
(LDA) [5], Hidden Markov Model (HMM) [21] are two popular models using aforementioned strat-
egy. However, in some generative tasks, we are not only interested in assigning high probabilities
to examples already known, but somehow employing the captured style features to produce brand
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new examples that have never been seen before.
Generative Adversarial Networks (GAN) [10] is one of the most successful deep generative networks.
GAN introduces an adversarial process into training that it simultaneously train two models. The
generator G learns data distribution and try to deceive the discriminator D with its generated
samples. And D tries to differentiate original dateset from the samples faked by generator G.
GAN ultimately ends up with a powerful generator that can fully deceive its discriminator. GAN
is well-known for its high quality / sharpness of generated images although it’s extremely difficult
to train.
Variational Auto-Encoders (VAE) [14], however, is much easier and flexible in training process while
still generates pretty good images. Auto-encoders is a neural network that trained to reconstruct
its input. It was originally designed as a tool for dimension reduction. Recent research Variational
Auto-Encoder marries Bayesian probabilistic inference with deep neural networks and gains notable
success in deep generative tasks. VAE jointly optimizes the reconstruction error and the KL
divergence between approximate posterior and a predefined prior. They are excellent in learning
and recovering a low-dimensional representation of the example.
1.2 Motivation
Using dual method to solve constraint optimization problem has been well researched for a long
time. It suffers from limited scalability on large datasets. We combine the recently developed
Corporative Stochastic Approximation (CSA) framework with PMD to solve it in primal space.
It shares the benefit with PMD that the number of variables doesn’t scale as the number of
examples.
The standard Variational Auto-Encoders model makes a strong assumption that posterior distri-
bution could be simply featured as a Gaussian distribution. In practical applications, however,
true posterior could be multi-modal even in irregular shapes. Latest development in this area have
realized the importance of an accurate structure assumption [11, 19, 22, 23] and our work also
follows this line of research. By using mixture of kernels, PMD is capable of capturing more details
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in posterior distribution.
1.3 Contribution of this Thesis
In this thesis we explore the applications of Particle Mirror Descent in both supervised and unsu-
pervised learning.
We propose a primal method, Constrained Particle Mirror Descent (CPMD) that effectively handles
classification problem with expectation constraint. It takes advantage of the the flexibility of PMD
method and approximates the posterior distribution by particle filtering. Our experimental results
demonstrate that CPMD algorithm runs much faster in large datasets, while still provides good
classification accuracy compared to dual methods.
Secondly, we introduce a variant of VAE model where a mixture of particles / Gaussian kernels
is used as posterior in latent space. It better characterizes the true posterior than the single
modal Gaussian distribution used in standard VAE. Our analysis show better marginal likelihood
estimation for test examples and produces visually plausible images of both digits and facial ex-
pressions.
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Chapter 2
Related Work
2.1 Particle Mirror Descent
Particle Mirror Descent targets to solve the convex optimization problem
min
q(θ)∈P
L(q) := −
N∑
n=1
[ ∫
q(θ) log p(xn|θ)dθ
]
+KL(q(θ)||p(θ)), (2.1)
where θ is latent parameter, q(θ) is the approximation of posterior, P is the valid density space,
p0(θ) is the prior distribution and p(xn|θ) is the likelihood. The objective consists of the negative
log likelihood of the examples in the dataset, and the KL divergence between learnt distribution
and prior distribution. It is well-known that the optimal solution to (2.1) leads to the true posterior
distribution.
The functional gradient of objective function with regard to q(θ) in density space is shown in
Equation (2.2).
g(θ) =
∂L
∂q
= −
N∑
n=1
log p(xn|θ) + log q(θ)− log p0(θ) (2.2)
PMD solves (2.1) by applying the inexact stochastic mirror descent algorithm and iteratively main-
tains and improves the weighted kernel density estimtors of the approximate solution. For a distri-
bution q(θ), the kernel density estimator (KDE) based on m samples, {θ1, . . . , θm} ∼ q(θ), can be
written as qˆ(θ) =
∑
i αiK(θ − θi). Here, KDE is used as a general concept which could be either
particle K(θ) = δ(θ), or Gaussian kernel K(θ) = e−
θT θ
2σ2 .
It’s forthright that two kinds of KDEs mentioned above both have their own advantages and lim-
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itations. Given infinite particles, they are flexible enough to represent any distribution. It’s not
realistic to sample enormous particles in each iteration, since it could impose extensive computa-
tional cost. Limited number of particles forces loss of details in the approximation. As a result, we
may not get very high quality samples from mixture of particles. Gaussian kernels, on the other
hand, are naturally more capable of characterizing continuous distribution than particles. Thereby
the samples from mixture of Gaussian kernels are more accurate and useful in providing details at
the cost of more complex computations.
To keep a balance between high quality samples and speed concerns, PMD algorithm switches
between two kinds of KDEs alternately. When the prior is close to true posterior, PMD samples m
particles from prior. When the prior is less desirable, PMD samples m points as mean of Gaussian
kernels from posterior approximation in last iteration. Subsequently it descends along the gradient
direction and redistribute the weights over the KDEs. Thereafter it proceeds to use the redistributed
mixture distribution as the latest posterior approximation and iterate until convergence.
2.2 Maximum Entropy Discrimination in Binary
Classification
The MRE problem falls back to a variant of Support Vector Machine(SVM) when the decision rule
is chosen as L = θTx− b and prior as normal distribution p0(θ) = N (0, I) [12]. The dual problem
of (1.1) can be further formulated as
arg max
λ
J(λ) =
∑
t
[λt + log(1− λt/c)]− 1
2
∑
t,t′
λtλt′ytyt′ (X
T
t Xt′ ) (2.3)
s.t 0 ≤ λt ≤ c,
∑
t
λtyt = 0.
It differs from the dual form of SVM in the additional term log(1−λt/c) which enlarges the penalty
of miss-classification. When c→∞, the problem regresses to exactly the same as dual SVM.
The optimization above can be solved by Sequential Minimal Optimization (SMO) algorithm pro-
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posed by Platt [20]. It simultaneously updates at least 2 Lagrange multipliers at one time to meet
the summation constraint.
MED converts the optimization to a dual problem and solves it by simultaneously optimizing a
set of N dual variables, where N is equal to the number of examples in the dataset. This largely
confines the scalability of the solution and requires strong assumption on the prior distribution.
Solving it using a primal method, however, the time complexity will not scale up as the number of
examples.
2.3 Stochastic Optimization with Expectation Constraints
Lan and Zhou [17] proposed a simple yet fast training framework, Corporative Stochastic Approx-
imation (CSA), to solve the classic stochastic programming problem with expectation constraints
over the decision variable x.
min f(x) := E[F (x, ξ)]
s.t g(x) := E[G(x, ξ)] ≤ 0
In each iteration of the algorithm, they first check if current solution xt violates the condition.
If so, the search direction is set as the stochastic gradient of constraint function ht = G
′
(xt, ξt)
to control the violation. Otherwise, it searches along the stochastic gradient of objective function
ht = F
′
(xt, ξt) in order to minimize target function value. Finally CSA performs a prox-mapping
xt+1 = Pxt,X(γtht) in order to find the next estimation xk+1 in set X. Here we use wX : X → R to
denote a distance generation function. Then prox-mapping of a prox-function VX(z, x) = wX(x)−
wX(z)− 〈∇wX(z), x− z〉 is defined as
Px,X(φ) := arg min
z∈X
{〈φ, z〉+ VX(x, z)}.
The framework achieves theoretically optimal convergence rate of O(1/
√
N) where N is the number
of iterations. We will show later in this thesis that, by integrating CSA framework, we are able to
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X Encoder qφ(z|X) Sample Layer Decoder pθ(X|z)
Figure 2.1: Pipeline of Variational Auto-Encoders
apply particle mirror descent to solve MRE problem in primal space.
2.4 Variational Auto-Encoders
As shown in Figure 2.1, standard Variational Auto-Encoders model is mainly composed of three
components, encoder q(z|X), sampling layer and decoder p(X|z). Encoder and decoder are both
instantiated as neural networks with parameter set φ, θ respectively and jointly optimized using
loss function
min
φ,θ
Ex∼D
[
− Ez∼qφ
[
log pθ(X|z)
]
+KL(qφ(z|X)||p(z))
]
. (2.4)
Sampling operation is usually not differentiable and thus interrupts the back propagation process
in neural network. To fix this, VAE employs a reparameterization trick [14]. Instead of sampling
from z ∼ N (µ, σ2), VAE samples from normal distribution  ∼ N (0, I) instead and constructs
samples using z = µ + σ. In this way VAE moves the sampling operation as an input to neural
network and thus whole pipeline is now differentiable.
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Chapter 3
Particle Mirror Descent in
Classification
3.1 Constrained Particle Mirror Descent
Thinking about solving MRE problem in primal space, PMD comes into play naturally since the
task is to estimate a distribution. However, original PMD is not capable of handling expectation
constraint. Inspired by Corporative Stochastic Approximation(CSA) [17] algorithm, we fit PMD
in the CSA training framework by viewing q(θ) as a decision variable. Therefore the problem is
now an optimization over a convex functional space. According to CSA framework, we first check
if the constraint is met with current example. If so we minimize along the stochastic gradient
of target function F = KL(q(θ)||p(θ)), otherwise we descend along the stochastic gradient of
constraints G = − ∫ q(θ)[ytL(xt, θ) − ξt]dθ). This new algorithm, Constrained Particle Mirror
Descent (CPMD), allows us to solve the MRE problem in primal space directly.
An overview of the complete algorithm is shown in Algorithm 1. Theoretically, to guarantee a
convergence rate of O(1/T ), we should set the number of particles sampled to increase quadratically
of iteration number mt = O(t
2). Despite that as we sample and evaluate at only one example in
each iteration, sampling {θi}mti=1 from q(θ) will be the major speed bottleneck after a short time.
As a trade-off, we initialize mt to be a relatively large number and increase it linearly in the
experiment.
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Algorithm 1 CPMD: A primal method to solve optimization prolem with expectation constraint
Input: dataset {(xi, yi)}Ni=1, prior density p0(θ), number of iterations T , number of samples in
each iteration {mt}, margin {ξt}, step size {γt}
Initialize: q0(θ) = p0(θ)
for t = 1, 2, . . . , T do
{θi}mti=1 i.i.d∼ qt−1(θ)
sample xt
unif.∼ X
gt(θi) =
{
F
′ |θ=θi = log qt−1(θi)− log p0(θi), G(θi) ≤ 0
G
′ |θ=θi = ξt − ytL(xt, θi), otherwise
αi ← qt−1(θi) exp−γtgt(θi), ∀i
αi ← αi∑mt
i=1 αi
,∀i
qt(θ) =
∑mt
i=1 αiK(θ − θi)
Output: qT (θ) =
∑mT
i=1 αiK(θ − θi)
Dataset (#examples, #features) Dual acc/time Primal acc/time
breast-cancer (683,10) 0.9561 / 20.1s 0.971 / 41.5s
svmguide3 (1105,22) 0.798 / 200s 0.756 / 54s
Table 3.1: Comparison of dual and primal methods on classification tasks
3.2 Experiments
We perform experiments on two commonly used dataset for binary classification. Both breast-
cancer dataset and svmguide3 are from UCI Machine Learning Repository1. The size of each
dataset is shown in Table 3.1. We randomly split each dataset to use 70% as training and 30%
for testing. Dual solution of (2.3) is implemented using SMO algorithm as stated in MED paper.
And primal method is implemented using the proposed CPMD algorithm above. We sample 1000
particles in the first iteration and this number increases 30 after every epoch. In total the primal
method runs over the training set 8 epochs. Starting with a Gaussian prior, we use particles as
major KDE and switch to Gaussian kernel once every epoch to help capture better samples. To
avoid duplicate statements, we use a unified K(θ − θi) to represent both KDEs.
Classification accuracies and running time shown in Table 3.1 indicate that in a relatively small
dataset, primal solution enjoys slightly better classification performance but it takes longer to train.
However when the size of dataset grows, time consumed by dual solution grows dramatically while
1http://archive.ics.uci.edu/ml/
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primal solution still achieve a good performance in a consistent amount of time. This actually makes
sense since in PMD, the speed is determined by the number of kernels used in each iteration and
total number of iterations. The size of dataset doesn’t have much impact in term of speed.
Also it worths pointing out that after training svmguide3 dataset within 6184 iterations (8 epochs
through training set), there are 1412 times that constraint is met so the optimization descends
towards gradient of objective, and 4772 times that it descends towards the gradient of constraint
function. As shown in the Algorithm 1, computing the gradient of objective function involves a
log-sum-exp when using Gaussian kernel as KDE, so the fast speed also benefits from alternately
optimizing over objective and constraint.
In this chapter we proposed a primal method, Constrained Particle Mirror Descent to solve clas-
sification problems with expectation constraints. Our experimental results on breast-cancer and
svmguide3 dataset showed notable scalability while maintaining comparable accuracy.
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Chapter 4
Particle Mirror Descent in Deep
Generative Networks
4.1 Pipeline Overview
PMDVAE is a variant of VAE where the distribution in latent space is structured as a weighted
sum of m KDEs q(z|x) = ∑mi=1 αiK(z−zi(x)) instead of a single Gaussian distribution. The weight
vector {αi}mi=1 is updated by functional gradient similarly as in that of PMD.
The whole pipeline is shown in Figure 4.1. Just like standard VAE, our model consists of an encoder
to project examples X to a latent space representation z, and a decoder to reconstruct X from
z. Both encoder and decoder are learnt jointly to maximize log likelihood with the presence of a
KL divergence in latent space as regularization term. Since we use multiple KDEs instead of one,
the reshape layer converts the output to desired shape. Then sampling layer samples from q(z)
and feed it into decoder. The major change we made in the pipeline is that we have an additional
module to update α after training each batch.
X q(z|X) Reshape
KDE #1
KDE #m
Sample Decoder p(X|z) Update α...
encoder
training in Keras model
Figure 4.1: Pipeline of PMDVAE
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4.2 Generative Process
For the simplicity of notation, we use b to denote batch size, k to denote the dimension of examples,
d to represent the dimension of latent space, which is usually set to 2 in our experiments. The
output of encoder are {zi(x)}mi=1. We assume the likelihood function is a Gaussian distribution
with reconstructed µ(z) as mean and identity matrix I as variance. The generative process in each
iteration is summarized in following three steps.
1. A batch of input examples x of shape (b, k) is fed into encoder which is instantiated as a
neural network with parameter set φ, the output is {zi}mi=1 of shape (b,m, d) which are m
particles/means of Gaussian kernels. If Gaussian kernels are used as KDE, we also have an
identical structure to learn diagonal variance matrix σi of the same shape.
2. Construct posterior approximation from {zi}mi=1 and sample z of shape (b, d) from q(z|x).
z ∼ qφ(z|x, α) =

∑m
i=1 αiδ(z − zi), KDE = particle∑m
i=1 αiN (zi, σi), KDE = Gaussian kernel
(4.1)
3. Feed latent representation z to decoder pθ(x|z) which is also instantiated as a neural network
with parameter set θ. The output is reconstructed example mean µ(z) of shape (b, k).
4.3 Approximation Inference as Optimization
Recall that in the objective function of original Variational Auto-Encoders as shown in Equation
(2.4), the KL divergence part actually also works as a regularization over z distribution. Comparing
VAE loss function with the PMD objective in Equation (2.1), it’s obvious that these two objective
functions are identical. The only difference is that in VAE it replaces z with z|x in posterior
approximation. So here we reformulate the objective function for our PMDVAE model as:
minL = min
φ,θ,α
Ex∼D
[
− Ez∼qφ
[
log pθ(x|z)
]
+KL(qφ(z|x, α)||p(z))
]
. (4.2)
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Note that the major difference between the original loss function and the loss function above is that
instead of only training normal neural network using gradient descent with respect to parameter
φ, ψ, we also perform Stochastic Functional Gradient Descent(SFGD) with respect to q in function
space. Since q is represented as a weighted sum of particles/Gaussian kernels with regard to weight
vector α, the distribution update of q is reflected as the redistribution of weights in α vector.
While optimizing the objective in Equation (4.2), it is straight forward that θ and φ could be
updated through gradient descent in neural network. Next we will briefly go through some slight
differences in optimization depends on particles or Gaussian kernels we use. And finally we intro-
duce how to perform weight redistribution for parameter α in Chapter 4.4.
4.3.1 Particle as KDE
Here we assume posterior distribution
q(z|x, α) = q({zi, αi}mi=1) =
m∑
i=1
αiδ(z = zi) (4.3)
is a weighted sum of m particles, where {zi}mi=1 are generated from encoder neural network.
The likelihood part of loss function Equation (4.2) could be simplified as:
−Ez∼q log pθ(x|z) =
m∑
i=1
log pθ(x|zi). (4.4)
And the regularization part could be simplified as:
KL(q({zi, αi}mi=1)||p(z)) =
∫
z∼q
[
log q(z)− log p(z)
]
=
m∑
i=1
q(zi)
[
log q(zi)− log p(zi)
]
=
m∑
i=1
(αi logαi − αi log p(zi)). (4.5)
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z1 zm σ1 σm
sample z from
∑m
i=1 αiN (µi, σi)
. . . . . .
(a) Sampling from mixture of Gaussian kernels
z1 zm σ1 σm
sample {i}mi=1 from N (0, 1)
×
+
. . . . . .
(b) Sampling from mixture of Gaussian kernels with
reparameterization trick
Figure 4.2: Reparameterization trick in PMDVAE
4.3.2 Gaussian kernel as KDE
Here we assume the posterior distribution
q(z|x, α) = q({zi, σi, αi}mi=1) =
m∑
i=1
αiN (zi, σi) (4.6)
is a mixture of Gaussian model. And in the experiments we either use a prior normal distribution
p(z) ∼ N (0, I) or a predefined mixture of Gaussian distribution. The inference below is based on
N (0, I) and it could be easily extended to the mixture prior case. For the simplicity of notation, we
use k to denote the dimension of original space and d to denote the dimension of latent space.
Similar to standard VAE, sampling from mixture of Gaussian cut the connection between likelihood
and encoder parameter θ since it’s a non-differentiable operation. This could also be solved using
the reparameterization trick [14] which is explained in Figure 4.2. Thus the likelihood part could
be written as:
− Ez∼qφ log pθ(x|z) = −E∼N (0,1) log pθ(x|z), (4.7)
where z ∼
m∑
i=1
αiδ(zi + σi ∗ i) and the shape of  is (m, d).
And the regularization part includes a weighted sum of KL divergence between two Gaussian
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distributions, it could be simplified as:
KL(q({zi, αi}mi=1)||p(z)) =
m∑
i=1
αiKL(N (zi, σi)||N (0, I))
=
m∑
i=1
1
2
αi
[
−
d∑
j=1
log σj − d+
d∑
j=1
σj + z
T
i zi
]
. (4.8)
4.4 Weight Redistribution
The functional gradient of Equation (4.2) over distribution q differs when we use different KDEs.
Therefore the update rule for weight distribution is also different.
4.4.1 Particle as KDE
The update rule for particles [7] is
αi = α
1−γt
i p(xt|zi)Nγt ,∀i. (4.9)
According to our assumption, the decoder p(X|z) is Gaussian thus xt|zi ∼ N (µ(zi), I). Then the
likelihood function in Equation (4.9) can be written in the following way.
p(xt|zi) = 1√
(2pi)k
e−
1
2
(xt−µ(zi))T (xt−µ(zi)).
4.4.2 Gaussian kernel as KDE
The update rule for mixture of Gaussian kernels [7] is
αi = qt(zi)
−γtp(zi)γtp(xt|zi)Nγt ,∀i. (4.10)
Each part can be computed separately as follows. Σj is a diagonal matrix with σj as diagonal
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elements.
qt(zi) =
m∑
j=1
αjK(zi, zj)
=
m∑
j=1
αj
1√
2piΣj
e−
1
2
(zi−zj)T (zi−zj), (4.11)
p(zi) =
1√
(2pi)d
e−
1
2
zTi zi , (4.12)
p(xt|zi) = 1√
(2pi)k
e−
1
2
(xt−µ(zi))T (xt−µ(zi)). (4.13)
Thus we can optimize L using coordinate gradient descent as shown in Algorithm 2.
Algorithm 2 PMDVAE
Input: training set X, p(z) ∼ N (0, I), step size {γt}
Initialize: α0 = {αi0}mi=1 and φ0, θ0.
for batch t = 1:T do
fix θt−1, φt−1, αt−1
1. Pass example xt into encoder, get latent representation {zi}mi=1 (particle) or {zi, σi}mi=1
(Gaussian kernel)
2. Sample z from (4.3) (particle) or (4.6) (Gaussian kernel)
3. Pass z to decoder, get the reconstructed mean µ(z)
4. Back propagate in encoder and decoder jointly using loss function shown in (4.4), (4.5)
(particle) or (4.7), (4.8) (Gaussian kernel) to get weight update θt and φt.
5. Use (4.9) (particle) or (4.10) (Gaussian kernel) to compute αt.
6. Normalize αt, α
t
i =
αti∑m
i=1 α
t
i
4.5 Implementation Details
Keras [6] is a high-level neural network API built on top of either TensorFlow [1] or Theano [2].
Keras provides fully configurable modules of layers, cost functions, optimizers and so on. It’s easy to
get started and enables fast experiments on both CPU and GPUs. Also Keras provides an example
of VAE model that we could use as baseline. Therefore our PMDVAE model is implemented on
top of Keras framework with Theano as backend.
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4.5.1 Adaption of Keras
PMDVAE is a mixture model for both particles and Gaussian kernel in latent space. Thus the
output of encoder is several particles / means for Gaussian kernels. We have to perform a sampling
over the mixture distribution to extract the final latent representation. In Figure 4.1 we use a
dashed box to represent sampling layer because this mixture ensemble operation is actually done in
the loss function implementation, not in the middle of the pipeline. In other words, this sampling
simply pass along all particles without change or in the Gaussian kernel case, samples from each
Gaussian kernel and pass all samples to decoder. Weighted sum of these samples are done when
defining loss function of the whole neural network.
The main reason for this change is that when we update α using equation (4.9) and (4.10), p(xt|zi)
is essential in both cases. Consequently it indicates that likelihood of xt in reconstructed mean for
each latent particle/mean of Gaussian kernel should be computed. This implies the weighted sum
operation should not be done before decoder.
The other reason that weighted sum should be implemented after decoder is that, when Keras
builds the layers, its inputs and outputs, as well as every operation will be compiled to memory
space as tensors. Theano manages its own memory space which is separate from that of the Python
code uses. This isolation forces the parameter passed from Python to remain the same all along
the training process. Any python variable that is passed into Keras layer definition will be fixed in
the model initialization and doesn’t change as the python variable changes.
However, our model specifically requires intensive updates from python code to Keras model that
each time our weight vector α is updated, we should manage to update the α variable in Theano
memory space in real-time as well. This operation is not common thus not supported by Keras
API. To dynamically apply the α updated by functional gradient descent in python code, we have
to find a place in Keras that our variable values could be somehow refreshed in a ”manual” real-
time manner. To work around, we re-compile the Keras model after training each batch after α
is updated using the gradient evaluated at current batch. Recompiling in Keras won’t change the
weights in each layer, but only rebuild the loss function which is the only place that α comes into
play in the whole process.
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4.5.2 Speed Up
In Theano, computing derivatives of some expression f with respect to its parameter x can be done
blindly and automatically by calling tensor function T.grad. Thus when we pass the loss function
into Keras model, we actually don’t have to care about how back propagation is calculated in each
layer. It’s all done in a black box.
On the other hand, α is updated through functional gradient descent which is not compatible with
what Keras currently supports. Integrating functional gradient computation with Keras requires
a lot of changes in Keras built-in layer architecture as well as optimizer design. To adhere to
the current Keras framework without completely change it, we have to sacrifice the speed and
implement the weight redistribution module in python instead of inside Keras model.
By profiling the python program, we figure out that the speed bottleneck in our implementation
are caused by frequently use of two operations on large ndarray matrices, multi-dimensional array
tiling and sum of squares in equation (4.13), which together consume more than 80% of total
running time.
The first tile part can be improved by using numpy [24] broadcast function instead of tile given that
it allows us to perform computation without actually creating multiple copies in memory.
To speed up sum of squares computation, We tried four kinds of implementations.
• Naive python for loop
• Numpy functions which are commonly used in scientific python programming.
• Cython [4] which is a Python extension that directly compiles to C executable.
• Numba [16] which is a just-in-time compiler designed for scientific programming.
Their performance are shown in Table 4.1.
It’s obvious that Cython yields the highest speed in the comparison. Therefore, this implementation
is used in our experiments.
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Implementation time
python for loop 21.1s
Cython 304ms
Numpy 178ms
Numba of python for loop 78.1ms
Table 4.1: Speed comparison of four sum of squares implementations. The experiments are done
on a 3d-array of size 100*1000*784
4.6 Experiments
In the following, we will show the results of PMDVAE model on two generative tasks. For the
MNIST dataset, quantitative measurements based on marginal likelihood and clustering accuracy
are provided along with the generated digits. In addition, we display a 2d visualization of generated
face expressions from Frey Face dataset to demonstrate PMDVAE can be applied on complex
generative tasks as well.
4.6.1 MNIST Dataset
MNIST dataset of handwritten digits1 constains a train set of 60000 examples and a test set of
10000 examples, each of the same size (28, 28). We train two PMDVAE models on MNIST dataset:
one with a mixture of 10 particles, the other with a mixture of 10 Gaussian kernels. For simplicity,
we will refer them as particle model and Gaussian kernel mode respectively. To obtain a better
sense of the quality of generated images along with how they gradually change over latent space,
linearly spaced coordinates on latent 2d unit square are transformed through the inverse CDF of 2d
normal distribution and then used as latent representation to feed into decoders. Their generated
images look visually similar. So we only show the reconstructed digits from particle model in
Figure 4.3. Please refer to Figure A.1 in appendix for the generated image of standard VAE and
mixture of Gaussian kernel model.
One interesting small experiment is that when we eliminate the neural network for estimating
variance and update the KL divergence accordingly in standard VAE, it actually falls back to a
single particle as posterior but is still capable of generating good images of almost the same quality.
1http://yann.lecun.com/exdb/mnist/
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Figure 4.3: PMDVAE with mixture of 10 particles: reconstructed digits from linearly spaced
coordinates in latent space.
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(a) test image 467 (b) test image 2847 (c) test image 5402 (d) test image 1721
Figure 4.4: Visualization of 4 random examples in MNIST test set
Algorithm − log p(x467) − log p(x2847) − log p(x5402) − log p(x1721)
standard VAE 755.06 949.62 3941.33 1660.0
Mixture of 10 particles 745.03 866.89 2177.16 925.48
Mixture of 10 Gaussian kernels 737.57 737.08 729.42 727.60
Table 4.2: Marginal likelihood
This observation indicates that using neural networks as estimators, VAE has gained excessive
learning capacity. Thus the performance bottleneck of VAE model is not learning capacity, but the
posterior structure assumption as we will show shortly.
To quantitatively evaluate these generative models, we compare the marginal likelihood of random
examples in the final converged models in Table 4.2. These four examples are sampled from test
set and the digits are shown in Figure 4.4. Then we evaluate the marginal likelihood using MC
approximation log p(xi) ≈ log 1S
∑
S p(xi|zˆi,s)p0(zˆi,s)/q(zˆi,s) using 100 samples.
By comparing mixture models with standard VAE, we can conclude that multi-modal approxima-
tion is closer to true posterior and thus gives better estimation of marginal likelihood. Besides, it
shows that mixture of 10 Gaussian kernels has more balanced marginal likelihood distribution over
different examples. This could be possibly caused by the smoothness of Gaussian kernel distribution
and the weighted sum operation.
Model K = 3 K = 5 K = 10
Single Gaussian kernel 0.6831 0.7015 0.7185
Mixture of 10 particles 0.6879 0.7058 0.7211
Mixture of 10 Gaussian kernels 0.695 0.7086 0.7239
Table 4.3: K Nearest Neighbor clustering using latent representation
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Figure 4.5: Clustering result on test set.
As a side benefit, VAE and its variants could be used as a tool for dimension reduction. Clustering
using latent features provides an additional measurement to evaluate the encoder model perfor-
mance. We perform K Nearest Neighbor classification on the latent representation of test set with
different choices of K as shown in Table 4.3. The clustering result on test set can visualized in
Figure 4.5.
Models using mixture posterior both slightly outperform standard VAE in the classification task
in each choice of K. This is actually in accordance with our analysis above. Using multi-modal
posterior approximation could better characterize true posterior and obtain more accurate latent
representations.
4.6.2 Frey Face Dataset
Frey Face dataset 2 contains almost 2000 images of Brendan’s face, taken from sequential frames
of a small video. As a generative task, frey face dataset is more difficult than digit since it requires
2http://www.cs.nyu.edu/~roweis/data.html
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jointly capture the position of eyes, nose, mouth and then form a visually plausible face expression.
It’s more likely to be multi-modal when projected to 2d latent space. Thus we train a PMDVAE
model with mixture of two Gaussian kernels to approximate posterior for 200 epochs. We show
reconstructed face distribution from trained decoder in Figure 4.6. PMDVAE can generate high
quality images even in face expression dataset.
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Figure 4.6: PMDVAE reconstructed images of Frey Face Dataset
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Chapter 5
Conclusions
In this thesis we delved into the variants of Particle Mirror Descent in both supervised and unsu-
pervised contexts. Leveraging the CSA framework, we proposed a simple yet scalable algorithm,
CPMD to solve the MRE problem in primal space. Furthermore, we investigated the learning
capacity of deep generative networks and introduced a variant of Variational Auto-Encoders that
could flexibly better characterize irregular multi-modal true posterior distributions in latent space.
Our experiment results clearly showed that using more flexible posterior structure could effectively
improve the quality of latent representations of deep generative models.
Although we observed considerably improvements in the both models, there are still plenty of future
directions. In the Constrained PMD work, the framework can be easily extended to customized
prior distribution, likelihood function and various constraints. More experiments are needed to
evaluate the efficiency and flexibility of the CPMD framework.
Our PMDVAE algorithm, although preserves the flexibility of modeling multi-modal posterior
distributions, it still can be improved. Firstly, moving weight redistribution module out of Keras
imposes huge computation cost compared to normal Keras model. We had to make complex
computation on large matrices and recompile Keras model in each iteration, which can be avoided
by integrating functional gradient descent in Keras. Although SFGD is getting more and more
popular in research, an authoritative implementation within deep learning framework is still needed.
Secondly, besides particles and Gaussian kernels used in our experiments, there are a significant
amount of other good kernels could be used as kernel density estimators. Eventually the model
should be free to select any KDE that best fit our prior knowledge of the task.
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Appendix A
Figure A.1: PMDVAE with mixture of 10 Gaussian kernels: reconstructed digits from linearly
spaced coordinates in latent space.
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